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Abstract 

It is shown that the one dimensional Poisson equation governing the electric field in a plasma, yields to 
an inhomogeneous Burgers type equation which may be solved analytically for some particular cases. The 
solution obtained for these cases shows an elastic behaviour of the associated electric force in the long time 
limit. 

PACS numbers: 47.65.+a, 51.50.+V, 52.30.-q 
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This paper points out the possibility to treat analytically some problems occurring in electro 
or magnetohydrodynamics (EMHD) models. It is well known that the equations describing fluid 
models are difficult to handle because of their mathematical complexities: most of them are par- 

n 

tial differential equations and present nonlinear properties yj], thereby, the analytic approach is 
nearly totally neglected. Nevertheless, there exist some situations where analytic solutions may 
be obtained. One famous example is the Burgers equation fll^l, and especially the homogeneous 
Burgers equation, which is known to give valuable results in turbulence simulations. Moreover, 
this approximation of the Navier-Stokes equation presents some cases which are integrable. In 
particular, the homogeneous Burgers equation in the inviscid limit has been studied a lot over past 
decades, and has given rise to the "Burgulence approach" fl. But, for a real EMHD problem, 
electric and magnetic fields appear by the way of Maxwell equations, so, the problem presents 
additional difficulties due to the non linear coupling between fluid equations and Maxwell equa- 
tions. A first approach in the resolution of such equations has been proposed by some authors like 

an 
and more recently by Olesen [6]. In these works, a 1+1 dimensional MHD problem is 

treated with particular configuration for the velocity and the magnetic field. The motion equation 



d t v + (vV)v = z/V 2 v + (V x B) x B, (1) 
is thus coupled with an equation of evolution for the magnetic field 

d t B = V x (v x B) + (l/(j)V 2 B, (2) 

to give a homogeneous Burgers type equation which may consequently be integrated. In this 
model, only the magnetic field is considered, but this allows to take into account the Lorentz force 
acting on a velocity field. So, these works are based on a nonlinear connection between an equation 
of motion where appears a magnetic field (Eq. and a specific equation for the magnetic field 
(Eq. ©). But, another interesting aspect of a EMHD problem, consists to study the influence of 
an electric field on a velocity field. Thus, the present paper may be considered as a complementary 
approach facing Olesen's works, in the sense where we propose an electric version of Eqs. © and 
©• In ref.|7] we have solved a Burgers equation with an elastic forcing term, which allows to treat 
a velocity field undergoing a fluctuating strength force. Hence, the problem will consist to show 
that an electric field may be considered as an elastic term of force for some physical problems. 
This will be done in the following by using the Poisson equation. In order to reach this result, we 
propose an analytic resolution of a one dimensional problem encountered in ionised media, when 



the electric field is dominant in front of the magnetic field. We may have this situation for example 
in electric discharges or electric arcs studies. For this purpose, we consider a constant electric field 
E a applied to a plasma in which we assume the existence of a constant electron flow (created for 
example by electrodes system and depending of E & ), which may be interpreted as a source term. 
Moreover, the plasma is assumed to be composed of electrons and motionless ions, in such a way 
that we can write the one dimensional Poisson equation as 

d x E = -M n> (3) 

where n is the electronic density, and |e| the absolute value of the electron charge. If the diffusion 
process is taken into account, then the electronic current density will read 

J = -^ n (E - E a ) - ud x n; (4) 

with \i standing for the (constant) electronic mobility, and v the electronic diffusion coefficient. 
After what, we use the equation of conservation for the electronic density: 

d t n + d x J = S, (5) 

where S represents the constant source term. From this, combining relations ©, © and © in 
order to remove the density, we have successively 

J = yj{E - E a )d x E + ^-d xx E, (6) 



and 



-^rd x d t E + d x \yj(E - E a )d x E + V -^rd xx E ) = S; (7) 
e \ e e 



which may be integrated to give 



d t E - fj,(E - E a )d x E = vd xx E - ^xS + c(t), (8) 

eo 

c(t) being an arbitrary function. After what, carrying out the following change of variables 

- -,_ v 5 _ cl e l^. 

Eq. © reads 

d t E — (E — E a )d x E = vd- xx E - Sx + c(t). (9) 
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Thus, the quantity E a being constant, a Burgers type equation may be obtained for the variable 

d t (E - E a ) — (E — E a )d,(E - E a ) = ud xx (E - E a ) -Sx + c(t). (10) 
The local field E(x, t) may then be determined by putting 

£(x,t) = E(x,t)-E a , (11) 

that is to say that we have to solve the following one dimensional Burgers equation with an elastic 
forcing term 

d t £ - £d x £ = Dd xx £ - xS + c(t); (12) 

with 

£(x,0) = -E a (13) 

as initial condition if initially there is no charges separation. Notice that a minus sign appears 
with the non linear term, with the meaning that the electrons spread in the opposite direction of the 
electric field. Then, We have shown ref.O] the possibility to solve analytically such an equation by 
two equivalent methods. Putting c{t) to zero, it is hence possible to show that the solution reads, 
in physical coordinates (x, t), 

S(x, t) = -1(1- e - 2 ' ft ) x - £ a e" 7i (14) 

where we have put 



= ,/^. (15) 

It must be underlined that the effective electric field acting on any electron of the system is in 
fact —£(x,t). With this in mind, a physical interpretation of the problem may be obtained in 
the asymptotic mode when S > (i.e 7 G In this case, the asymptotic limit, reached for 

t ^> I/7, simply reads 

7 

lim £(x,t) = x, (16) 

which is a stationary solution. In other words, the system has reached a stationary state. Thus, we 
can deduce that the electric force F acting on an electron is related to an elastic forcing term. As 
a matter of fact, we have in this stationary state 

T 

F = —\e\ x — lim £(x,t) = — |e|— x = —k 2 x, (17) 



t^oo 
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where n 2 stands for a string constant and is given by 



Notice that an electron undergoing the single force ( fTTl) (low viscosity), will oscillate with a pul- 
sation ijj such as 

^ = i. = Ml, d9) 

m e standing for the electronic mass. This expression has to be compared with the plasma fre- 



quency u p : 



o \e\ 2 n 

<4 = (20) 
e m e 



with n given by the Poisson equation ©. In the long time limit we have 



n = -^d x lim E{x, t) = ^1. (21) 
\e\ t^oo \e\iJ, 



So, 



2 e T 2 , t 1 1 

w D = = w . (22) 



p 



Hence, for a low viscosity system, the electrons of our model oscillate with the theorical plasma 
frequency. In a more general case, when viscosity effects have to be taken into consideration, we 
assume the following motion equation statisfied for the electronic velocity u 

d t u + ud x u = vd xx ii — k 2 x. (23) 

In this case, an electron undergoes both viscosity and electric field. The Eq. (|2"3l is an inhomo- 
geneous Burgers equation with an elastic term of force. But, we have shown ref.[7] that in such a 
case, a physical solution was 

lim u(x, t) = kx. (24) 

t— >oo 

Then, assuming that the velocity u writes (relation ©) 

u(x, t) = —fi£(x, t) — ud x ln[n(x, t)], (25) 
with n(x, t) given by the Poisson equation (O, we have in the asymptotic limit 

lim u(x, t) = — /i lim 8(x,t) — v lim d x \n[n(x,t)]. (26) 

t^oo t—*oo t^oo 

Then, a relation connecting the source term with the electronic mobility appears from the limits 
CD and (El: 

S/j, 3 = | e |e ^ fjtcx S- 1/3 . (27) 



This result may have interesting consequences when the source term is known (for example the 
number of electrons created by an electrode per unit of time determinated by the Richardson- 
Dushman law), because it permits to determine the electronic mobility. Conversely, since the 
mobility is considered as a gas property, the relation d2"71) gives a first approximation of the value 
of the source term. 



In summary, we have presented an electrohydrodynamical model describing the evolution 
of a local electric field in a plasma. Since we make the assumption of motionless ions in the 
model, we have shown the possibility to derive a new equation of evolution for the electric 
field obeing to the Poisson equation. Thereby, the results presented here have to be seen as a 
continuation of Olesen's works, in the sense where we have presented and solved an electric 
version of Eqs. ([TJ and (O. The two basic equations being the equation of motion 

d t u + ud x u = vd xx u + \e\S, (28) 

and the Poisson equation 

d x £ = -—n. (29) 
Then, we have found a solution for the electric field of the form 

£(x, t) = E{x, t) -E a = A(t)x + B(t), (30) 

with the properties 

lim A(t) = -- and lim B{t) = 0. (31) 

with the meaning that the electric field behaves like an oscillating force in the long time limit, and 
with a string constant proportional to the square root of the source term. Furthermore, a relation 
may be obtained, still in the asymptotic mode, between the terme of source S and the electronic 
mobility //, and may be interpreted as a general scale law under some hypothesis. Notice that we 
have focused our attention on a positive term of source. The case of a negative S, would gives 
rises to another kind of physics which may be interesting to treat in a forthcoming paper. 
As a corollary we enforce the result discussed in ref.[7], which states that the transformation 

u(x, t) = -2v / d x P(x, t) - kx, (32) 
P{x,t) 

introduced in the Burgers equation (l23t . yields to the Fokker-Planck equation 

d t P(x, t) = k3 x (xP(x, t)) + vd xx P(x, t). (33) 



And this expression may be considered as a collisional term in a Vlasov-Poisson model (without 
magnetic field) ; the electric field being determinated by the method presented here. Under specific 
assumptions, this remark would open an interesting way of investigation. 
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